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Abstract  Control of pH neutralization processes is challenging in the chemical process industry because of their 
inherent strong nonlinearity. In this paper, the model algorithmic control (MAC) strategy is extended to nonlinear 
processes using Hammerstein model that consists of a static nonlinear polynomial function followed in series by a 
linear impulse response dynamic element. A new nonlinear Hammerstein MAC algorithm (named NLH-MAC) is 
presented in detail. The simulation control results of a pH neutralization process show that NLH-MAC gives better 
control performance than linear MAC and the commonly used industrial nonlinear propotional plus integral plus 
derivative (PID) controller. Further simulation experiment demonstrates that NLH-MAC not only gives good con-
trol response, but also possesses good stability and robustness even with large modeling errors. 
Keywords  model algorithmic control, nonlinear model predictive control, Hammerstein model, pH neutralization 
process, control simulation 

1  INTRODUCTION 

Control of pH neutralization processes is a chal-
lenging problem and has received considerable atten-
tion because of its importance in the chemical process 
industry. These processes are difficult to control be-
cause of their inherent nonlinearity, high sensitivity at 
or near the neutralization point, and time-varying 
gains when uncertainties in flows and concentrations 
of neutralization agents are present. Thus pH neutrali-
zation process is considered as a benchmark for test-
ing nonlinear controllers [1-4]. 

Model algorithmic control (MAC) algorithm is 
one of the most popular model predictive control 
(MPC) algorithms widely used in chemical process 
industries [5-8]. MAC, first developed at the end of 
1970s [9, 10], has been widely accepted in industry, 
mainly by petrochemical industries. Nowadays MAC 
is something more than an algorithm and a part of its 
success is due to the fact that the commercial product 
of MAC covers topics such as model identification 
and global plant optimization [6]. 

MAC is characterized by two distinctive features: 
the use of linear nonparametric impulse response 
model as its output prediction model, and calculation 
of control actions through a receding-horizon strategy. 

Industrial processes usually involve complex 
nonlinearities. Linear MPC such as MAC uses lineari-
zation models, in which the process operating point is 
an aid to predicting the response of the controlled proc-
ess. This strategy is proved acceptable even in control-
ling mildly nonlinear processes [11, 12]. However, 
when the degree of nonlinearity is higher, the mis-
match between the actual process and the representa-
tive model will be greater, resulting in a deterioration 
of controller performance. Therefore, if the process is 
highly nonlinear, a nonlinear model will be necessary 
to describe the process behavior, which results in the 

development and application of nonlinear model pre-
dictive control (NMPC) strategies. Several nice over-
views of NMPC are provided [13-16]. 

Lei and Datta [17] considered the design and analy-
sis of an adaptive model algorithmic controller based 
on an internal model structure. This adaptive strategy 
may be acceptable to mild nonlinear processes, but its 
on-line model identification and parameter estimation 
requires too much real-time computation. 

Nonlinear input-output block-oriented models, 
such as Hammerstein model [18-24], do not require 
much fundamental knowledge about a system, and 
they are relatively easy to be built using process data. 
Hammerstein model consists of a static nonlinear 
element followed in series by a linear dynamic ele-
ment. It corresponds to processes with linear dynam-
ics but a nonlinear gain, and can adequately represent 
many of the nonlinearities commonly encountered in 
industrial processes such as pH neutralization proc-
esses. Hammerstein model is particularly useful in 
representing the nonlinearities of a process without 
introducing the complications associated with general 
nonlinear operators [16, 25]. Due to the static nature of 
its nonlinearity, it can be effectively removed from the 
control problem, allowing us to get an analytic solu-
tion in the unconstrained case or use simple linear 
programming algorithms in the constrained case. 

2  THE NLH-MAC ALGORITHM 

The structure of the nonlinear Hammerstein 
model algorithmic controller (NLH-MAC) is presented 
in Fig. 1. It is mainly composed of four parts: the 
Hammerstein model, output prediction, reference tra-
jectory, and calculation of control action. Based on a 
predictive control performance function, NLH-MAC 
is to make the predicted output as close to the reference 
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trajectory as possible, and to reach the set point quickly 
and smoothly at the same time. 

2.1  Nonlinear Hammerstein model 

The Hammerstein model consists of a nonlinear 
static polynomial gain 
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where l is the order of the nonlinear static gain, ri is 
the model parameter of the nonlinear static gain, u(k) 
is system input, x(k) is an intermediate variable, yM(k) 
is the model output, and hi is the unit impulse response 
coefficient of the linear dynamic sector. As the im-
pulse response is truncated to N elements, the system 
is assumed to be stable and causal. 

It is assumed that the model order, parameters 
and coefficients are known. If this is not the case, they 
can be estimated by the application of system identi-
fication methods [26-28]. 

2.2  Output prediction 

The NLH-MAC algorithm predicts the future 
output of the nonlinear system with its Hammerstein 
model and past input-output data. 

Suppose that at time k, a prediction of the output 
at time k + 1 to k + p is needed. In order to avoid the 
violent fluctuation of system response, the modifica-
tion of the control action is only limited in m steps  
(m≤p). Therefore 

( 1) ( ) ( 1)u k m u k m u k p+ − = + = = + −    (3) 

( 1) ( ) ( 1)x k m x k m x k p+ − = + = = + −    (4) 
In order to reduce the effects of model error and 

immeasurable disturbances on the accuracy of output 

prediction, the current prediction error, d(k) = y(k) −  
yM(k), is used to modify the model output prediction. 
When the errors between the real system output y(k) 
and the Hammerstein model predicted output yM(k) 
are constant along the prediction horizon, that is  

M( | ) ( ) ( ) ( ) 1,2, ,d k j k d k y k y k j p+ = = − =  (5) 
the predicted output values along the prediction hori-
zon will be 
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where yc(k + j|k) (j = 1, 2, , p) is the modified output 
prediction, which is also called the closed-loop output 
prediction. 

Substituting Eqs. (2), (4) and (5) into Eq. (6) gives 

c o r( | ) ( | ) ( | ) ( | )y k j k f k j k f k j k d k j k+ = + + + + +  

(7) 
where fr(k + j|k) is the free response of the system (the 
part of the response that does not depend on future 
control actions) and fo(k + j|k) is the forced response 
(the additional component of output response due to 
the proposed set of future control actions). 

The modified output prediction can be written as 

C 1 2( ) ( ) ( ) ( )K K K K+ −= + +Y H X H X D    (8) 
where  

[ ]TC c c c( ) ( 1| ), ( 2 | ), , ( | )K y k k y k k y k p k= + + +Y  

[ ]T( ) ( ), ( 1), , ( 1)K x k x k x k m+ = + + −X  
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Figure 1  The NLH-MAC system 
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2.3  Reference trajectory 

The goal of industrial process control generally 
requires that the system output reach the set point 
quickly and smoothly. Thus the system output should 
follow a reference trajectory. 

Based on the first order approximation, the cal-
culation algorithm of the trajectory is given by 

r sp( | ) ( ) (1 )j jy k j k y k yα α+ = + −   1,2, ,j p=  

(9) 
where yr(k + j|k) is the output reference trajectory at 
time k + j, ysp is the set point of the output, p is the 
number of coincidence points, and α is a parameter 
(0<α<1). When α is smaller, the output trajectory 
reaches the set point with less time. 

The reference trajectory can also be calculated in 
an iterative way as follows  

r r sp( | ) ( 1| ) (1 )y k j k y k j k yα α+ = + − + −  

  1,2, ,j p=               (10) 

2.4  Calculation of control action 

The objective of an NLH-MAC controller is to 
drive the output as close to the reference trajectory as 
possible in a least-squares sense with the possibility of 
the inclusion of a penalty term as the input moves. The 
performance function of the NLH-MAC is given as 
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where λ is the weighting factor. 
The calculation of control action is performed in 

two steps. 
Step1: If there are no constraints, the solution of 

the cost function J can be obtained analytically by 
computing the derivate of J and making it equal to 

zero, which gives 

[ ]{ }T
1 r 2( ) ( ) ( ) ( )K K K K∗

+ −= − −X T H Y H X D  (12) 

where T = T 1
1 1[ ]λ −+H H I  is a matrix for control ac-

tion calculation. From Eq. (12), we can obtain the op-
timal sequence ( ), ( 1), , ( 1)x k x k x k m∗ ∗ ∗+ + − . 

Step 2: Using Eq. (1) with ( 1)x k j∗ + −  
( 1, 2, , )j m= , the optimal control action sequence 

( 1) ( 1,2, , )u k j j m∗ + − =  can be derived by calcu-
lating the roots of the nonlinear polynomial Eq. (1). 

If the order l of the nonlinear polynomial Eq. (1) 
is odd, a real root of Eq. (1) is always available. We 
can select an odd order for the nonlinear polynomial 
sector of the Hammerstein model when modeling. If 
there are several real roots for Eq. (1), we can choose 
the one nearest to the last control action in order to 
prevent excessive movement of control inputs. 

Usually only the first element of the optimal con-
trol sequence is really sent to the plant. It is not ad-
visable to implement the entire sequence over the next 
m intervals in automatic succession. Because it is im-
possible to perfectly estimate the prediction error vec-
tor due to model mismatch, so that it is also impossi-
ble to anticipate precisely the unavoidable distur-
bances that cause the actual output to differ from the 
predictions that are used to compute the sequence of 
control actions. Furthermore, the reference trajectory 
can also change over the next m intervals. 

If the controlled nonlinear system has a time de-
lay d, the performance function will be modified as 
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The optimal control action can be obtained using the 
similar algorithm for the system without time delay 
[22, 29]. 

3  SIMULATION OF pH PROCESS CONTROL 

In order to demonstrate the effectiveness of the 
above NLH-MAC algorithm, some simulation experi-
ments of the NLH-MAC algorithm are carried out for 
the control of a pilot plant pH process [29] as shown in 
Fig. 2. Its control results are compared with those 
from a linear MAC (LMAC) and a nonlinear propor-
tional plus integral plus derivative (NL-PID) controller. 

The nonlinear PID controller is composed of a 
linear PID controller described by 
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and a sector of nonlinear static gain as shown in Fig. 3. 
In Eq. (14), e(k) is the error, kI is the integral coeffi-
cient and kD is the derivative coefficient. In Fig. 3, k1, 
k2 and k3 are the static gains. 
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Figure 2  A pilot plant pH process 

 
Figure 3  The nonlinear static gains of the NL-PID controller 

The Hammerstein model of the pH process [29] is 
2 3( ) ( ) 1.207 ( ) 1.15 ( )x k u k u k u k= − +     (15) 

( ) 1.558 ( 1) 0.597 ( 2)
0.0185 ( 2) 0.0173 ( 3) 0.00248 ( 4)

y k y k y k
x k x k x k

− − + − =
− + − + −  

(16) 
where m s( ) ( )u k u k u= − , m s m( ) ( ) ( )y k y k y u k= −  is 
the electric current to adjust the valve position of the 
acid flow, and ym(k) is the pH value of the neutral liquid. 
us = 2.5 mA, ys = 5.713 pH, and the sampling period 
Ts = 30 s. Where the subscript s indicates the steady state 
value, and the subscript m means the measured value. 

In simulation, the parameters of NLH-MAC are 
α = 0.75, λ = 0, p = 3, and m = 1; the parameters of 
LMAC are α = 0.95, λ = 0, p = 3, and m = 1; the pa-
rameters of the NL-PID achieved by optimal tuning 
are kI = 0.15, kD = 0, k1 = 0.12, k2 = 0.60, k3 = 0.12, 
pH1 = 4.8, and pH2 = 7.3. It needs to mention that the 
parameter α of LMAC reference trajectory is assigned 
to 0.95, not the same as that in NLH-MAC. If the 
value of α is assigned to 0.75 or smaller than 0.95, it 
will lead the LMAC control system to unstable and its 
output response will be oscillating. Thus α is assigned 
to 0.95 for LMAC simulation, in order to get a stable 
output response to compare with NLH-MAC. 

3.1  Set point tracking 

For the set point of pH raised from 5.713 to 

7.213 and from 5.713 to 7.713, the control results of 
the NLH-MAC, LMAC and NL-PID are illustrated in 
Figs. 4 and 5, respectively. Fig. 4 shows that the NLH- 
MAC controller has a short set point tracking time and 
a good dynamic output response, LMAC has a slug-
gish and oscillating output response, and NL-PID con-
troller has a long tracking time and an oscillating out-
put response. Fig. 5 shows that NLH-MAC gives a fast 
and stable set point tracking output response, LMAC 
has a long tracking time and an oscillating output re-
sponse, and NL-PID gives an unstable output response 
with large oscillation. 

 
Figure 4  Output response of set point tracking for pH set 
point from 5.713 to 7.213 
● set point; ○ NLH-MAC; ▽ LMAC;  NL-PID 

 
Figure 5  Output response of set point tracking for pH set 
point from 5.713 to 7.713 
● set point; ○ NLH-MAC; ▽ LMAC;  NL-PID 

For the pH neutralization process subject to a 
pulse set point with amplitude from 4.713 to 5.713 and 
period of 6000 s, the output responses of NLH-MAC, 
LMAC and NL-PID are presented in Fig. 6. NLH-MAC 
gives the best pulse set point tracking with stable and 
fast output response, LMAC and NL-PID have a good 
response to the positive pulse, while NL-PID has a 
small over-shoot. Negative pulse set point results in 
much deterioration of tracking response for LMAC 
and NL-PID, while LMAC gives a sluggish and oscil-
lating output response, and NL-PID has a much oscil-
lating output with large over-shoot. 
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Figure 6  Output response of pulse set point tracking 
● set point; ○ NLH-MAC; ▽ LMAC;  NL-PID 

3.2  Disturbance rejection 

When the pH value in the neutralization process 
is stabilized at 5.713, a deterministic step disturbance 
signal of amplitude 1 is added to the output of the pH 
neutralization process. The control result is shown in 
Fig. 7. The pH output of the NLH-MAC quickly re-
turns to the set point with a short transient response 
without over-shooting. LMAC returns to its set point 
with long and oscillating response but no over-shoot. 
The over-shooting of the NL-PID controller is high, 
and its transient response time is much longer than 
that of the NLH-MAC. 

 
Figure 7  Output response of disturbance rejection 
● set point; ○ NLH-MAC; ▽ LMAC;  NL-PID 

3.3  Model mismatch 

In order to demonstrate the robustness of 
NLH-MAC, simulation of pH process control using 
NLH-MAC subject to model mismatch in its nonlinear 
static gains or in its linear dynamic sector is conducted. 
The control results of set point tracking from 5.713 to 
7.213 with nonlinear gain or linear dynamics mis-
match are illustrated in Figs. 8 and 9. In Fig. 8, the 
nonlinear static gain equation for the pH process is 
changed to x(k) = 2u(k) − 1.207u2(k) + 1.15u3(k), so 
there exists significant model mismatch for the nonlin-
ear gain. In Fig. 9, the linear dynamic sector of the  
pH process is changed to 2y(k) − 3.116y(k − 1) +  

1.194y(k − 2) = 0.0185x(k − 2) + 0.0173x(k − 3) + 0.002
48x(k − 4), so the coefficients of output sequence y(k), 
y(k − 1) and y(k − 2) are doubled. Although there is 
some deterioration for the set point tracking performance 
of NLH-MAC due to model mismatch, NLH-MAC 
still gives better control than LMAC and NL-PID with 
fewer over-shoots or less oscillations. 

4  CONCLUSIONS 

The simulation results for the control of pH neu-
tralization process show that NLH-MAC algorithm 
can make better performance to control nonlinear proc-
ess than LMAC and NL-PID controller in set point 
tracking and disturbance rejection. NLH-MAC also 
gives good control responses even when large model 
mismatch occurs. 

These simulation experiments demonstrate that 
NLH-MAC is an effective method for the control of 
nonlinear systems with strong static nonlinear gains. 
NLH-MAC also possesses good stability and robustness 
when large modeling errors are present. Moreover, 
NLH-MAC algorithm is simple and its implementa-
tion is convenient and flexible. Thus NLH-MAC algo-
rithm is applicable to a large number of industrial sys-
tems with strong static nonlinearities. 

Future work will focus on the extension of present 

 
Figure 8  Set point tracking with nonlinear gain mismatch
● set point; ○ NLH-MAC; ▽ LMAC;  NL-PID 

 
Figure 9  Set point tracking with linear dynamics mismatch
● set point; ○ NLH-MAC; ▽ LMAC;  NL-PID 
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work to constrained multivariable nonlinear systems 
and extension to open-loop unstable systems.  

NOMENCLATURE 

d(k) prediction error at step k 
e(k) control error at step k 
fr(k + j|k) free response of the controlled system 
fo(k + j|k) forced response of the controlled system 
hi unit impulse response coefficients of the linear dynamic 

sector of Hammerstein model  
J performance function 
k time step 
k1, k2, k3 static gains of nonlinear PID controller 
kD derivative coefficient of nonlinear PID controller 
kI integral coefficient of nonlinear PID controller 
l order of the nonlinear static gain of Hammerstein model 
m control action steps 
N truncated number of the impulse response of linear dy-

namic sector of Hammerstein model 
p output prediction horizon 
ri model parameters of the nonlinear static gain of Hammer-

stein model  
Ts sampling period 
x(k) intermediate variable of Hammerstein model 
yc(k + j|k) j step ahead closed-loop output prediction at step k 
yM(k) model output 
ysp set point of the system output 
yr(k + j|k) output reference trajectory of time k + j calculated at time k 
u(k) system input, mA 
y(k) system output, pH 
α parameter of output reference trajectory 
λ weighting factor of intermediate variable 

Subscripts 
c closed loop output 
M model 
r reference trajectory 
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